Quantum fluctuations and electronic transport through strongly
  interacting quantum dots by Costi, T. A.
ar
X
iv
:c
on
d-
m
at
/0
21
26
51
v1
  [
co
nd
-m
at.
str
-el
]  
31
 D
ec
 20
02
QUANTUMFLUCTUATIONS AND ELECTRONICTRANSPORT
THROUGH STRONGLY INTERACTING QUANTUM DOTS
T. A. COSTI (tac@tkm.physik.uni-karlsruhe.de)
Universita¨t Karlsruhe, Institut fu¨r Theorie der Kondensierten
Materie 76128 Karlsruhe, Germany
Abstract. We study electronic transport through a strongly interacting quantum dot
by using the finite temperature extension of Wilson’s numerical renormalization group
(NRG) method. This allows the linear conductance to be calculated at all temperatures
and in particular at very low temperature where quantum fluctuations and the Kondo
effect strongly modify the transport. The quantum dot investigated has one active level
for transport and is modeled by an Anderson impurity model attached to left and right
electron reservoirs. The predictions for the linear conductance are compared to available
experimental data for quantum dots in heterostructures. The spin-resolved conductance
is calculated as a function of gate voltage, temperature and magnetic field strength and
the spin-filtering properties of quantum dots in a magnetic field are described.
1. Introduction
Recent experimental work [1–5] has demonstrated the importance of corre-
lations in determining the low temperature transport properties of nanoscale
size quantum dots. These dots consists of a confined region of electrons, of
typical diameter 100nm, “weakly” coupled to leads via tunnel barriers.
A “weak” coupling, Γ, means that the quantized levels of the dot are
broadened into resonances, but are not completely washed out. A gate
voltage, Vg, controls the position of the quantized levels relative to the
chemical potentials of the leads and thereby the total number of electrons
on the dot. The charging energy U for adding electrons to the dot from the
surrounding electron reservoirs (leads) is typically the largest energy scale,
and the dot is strongly correlated provided U/Γ≫ 1. Typical values for U
and Γ for the dots in [1, 5] are U ∼ 0.5− 2.0 meV and Γ ∼ 0.2− 0.3 meV,
so these dots are strongly correlated.
For temperatures Γ ≪ T ≪ U quantum fluctuations are small, and
transport is dominated by charging effects. This regime is well understood
[6]. The conductance, G, exhibits a series of approximately equidistant
peaks as a function of Vg, with spacing U . The peaks correspond to a
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2fractional number of electrons on the dot and alternate “Coulomb blockade”
valleys to either an even or an odd number of electrons.
In this paper we shall be interested in the regime T ∼< Γ ≪ U , where
the strong quantum fluctuations can lead to a dramatic modification of the
above picture of Coulomb blockade. In particular, for an odd number of
electrons on the dot, the quantum dot can have a net spin 1/2, and a Kondo
effect can develop. It has been predicted [7, 8], that, at low temperature,
this enhances the conductance in the odd electron valleys, turning them
instead into plateaus of near perfect transmission.
The outline of the paper is as follows. Sec. 2 describes the model and
Sec. 3 the NRG method used to solve it. The results [9–11] for the con-
ductance are described in Sec. 4-5 and these are used to compare with
experiment over a range of gate voltages and temperatures in Sec. 6. Exper-
imental investigation of the regime T ∼< Γ has only recently become possible
as a result of better control of the electrode geometry, allowing parameters
like Γ to be tuned to values of 1-3K so that T ∼< Γ is accessible [1–5]. Sec. 7
describes the effect of a magnetic field on the transport through a quan-
tum dot. Influencing transport via spin effects is of great current interest
[12]. The results presented in Sec. 7 should prove useful for interpreting
magnetotransport experiments on strongly interacting quantum dots.
2. Model
At sufficiently low temperature, transport through a strongly interacting
quantum dot will be mainly determined by the partially occupied level of
the dot, denoted εd, which lies closest to the chemical potential of the leads.
Its occupancy, nd, can be varied from nd = 0 to nd = 2 by varying the gate
voltage Vg, where −eVg = εd. The resulting model of a single correlated
level εd with Coulomb repulsion U , coupled to left and right free electron
reservoirs can be written as
H =
∑
σ
εdd
†
σdσ + Ud
†
↑d↑d
†
↓d↓ + gµBHS
d
z
+
∑
k,σ,i=L,R
εk,ic
†
k,i,σck,i,σ +
∑
k,σ,i=L,R
Vi(c
†
k,i,σdσ + d
†
σck,i,σ). (1)
We assume energy independent lead couplings ΓL,R = 2πρL,R(ǫF )V
2
L,R,
where ρL,R(ǫF ) is the Fermi level density of states (per spin) of the left/right
electron reservoir. The first two terms in H represent the quantum dot,
the third term is a magnetic field coupling only to the dot’s spin Sdz =
1
2
(d†↑d↑ − d
†
↓d↓) (we set g = µB = 1), the fourth term represents the free
electron reservoirs and the last term is the coupling between the dot and the
reservoirs. This model can be reduced to the standard Anderson impurity
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3model of a single reservoir attached to the dot with strength Γ = ΓL + ΓR
[7]. Note that Γ = 2∆, where ∆ is the hybridization strength as usually
defined in the Anderson model [13]. We use Γ throughout. In experiments
[1, 5], Γ is extracted by analyzing the high temperature (T ≫ Γ) behaviour
of the conductance peaks (see figure: 2a below).
We assume, from here on, symmetric coupling to the leads, ΓL = ΓR.
The linear magnetoconductance, G(T,H) =
∑
σ Gσ(T,H), is written as a
sum of spin-resolved magnetoconductances, Gσ, where
Gσ(T,H) =
e2
~
Γ
∫
+∞
−∞
dω Aσ(ω, T,H)
(
−
∂f(ω)
∂ω
)
. (2)
Aσ(ω, T,H) is the equilibrium spectral density and is expressed in terms of
the local level Green function, Gd,σ = 1/(ω− εd+ iΓ/2−ΣU), with ΣU the
correlation part of the self-energy, by
Aσ(ω, T,H) = −
1
π
Im Gd,σ(ω + iǫ, T,H), (3)
3. Method
We calculate Aσ(ω, T,H) by using Wilson’s NRG method [14] extended to
finite temperature dynamics[9, 15], with recent refinements [16, 17] which
improve the high energy features. The NRG procedure for finite temper-
ature dynamics is described in [9, 15]. Here, we make a few remarks con-
cerning the above refinements.
The first refinement [16] uses the correlation part of the self-energy,
ΣU , to evaluate the spectral density A in the Anderson impurity model
[16]. This improves the spectra around the single-particle excitations εd
and εd + U since the single particle broadening Γ/2 is put into the Green
function, Gd, exactly, thereby making the excitations at εd and εd + U
slightly sharper than in the earlier procedure [9] which evaluated A directly
from its spectral representation. The description of the low energy Kondo
resonance is equally accurate within both approaches and close to exact[16].
The second refinement uses the reduced density matrix in the NRG
procedure for dynamical quantities [17] in place of the grand canonical
density matrix of the usual procedure [9]. This reduces finite-size effects in
the spectra. The latter are usually small on all energy scales in the case
of zero magnetic field, but can be large in the case of a finite magnetic
field, particularly for the high energy parts of the spectra (since these are
calculated from the shortest chains and are therefore subject to the largest
finite-size effects). Figure: 1a shows that both procedures give equally ac-
curate results for the Kondo model in zero magnetic field on all energy
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Figure 1. Comparison of methods for A↑(ω, 0,H), of the Kondo model, using canonical
(ρc, solid line ) [9] and reduced density matrices (ρr, dashed line) [17]. TK = 3.97× 10−5
(in units of half bandwidth D = 1) is the HWHM of the T = H = 0 Kondo resonance :
(a) at zero field, with the inset showing the Kondo resonance in more detail, and, (b) in
finite field, with the curves from left to right corresponding to H = 0, 1, 2, 5, 10 in units
of TK . The inset shows the peak position, E0(H), as a function of H for the canonical
(circles) and reduced density matrix (squares) approaches. Both E0 and H are measured
in units of TK . The limit [18] limH→0E0(H)/H = 2/3 is recovered in both approaches.
scales. The same holds for the Anderson model in zero magnetic field. At
finite magnetic field, the reduced density matrix is required for a correct
description of the features at εd and εd + U in the spin-resolved spectra
[17]. In contrast, the low energy Kondo resonance in a magnetic field is
well described by either procedure for H ∼< 10TK , as shown in figure: 1b for
the Kondo model.
The position, E0(H), of the spin-resolved Kondo resonance in a weak
magnetic field, H ≪ TK , is known from an exact Fermi liquid result due
to Logan [18] (see also [19] showing the low field quasiparticle resonance).
This states that limH→0E0(H)/H = 2/3. This indicates that correlations
reduce E0(H)/H from its expected high field limit of 1 to 2/3. The inset
to figure: 1b shows that both procedures recover this result. The use of the
reduced density matrix has also proven useful for studying magnetic states
in the Hubbard model within the dynamical mean field theory [20].
4. Linear conductance for H = 0
The gate voltage dependence of the linear conductance of a quantum dot
is shown in figure: 2a for a decreasing set of temperatures. There are three
distinct physical regimes, corresponding to three ranges of the gate voltage
controlling εd relative to the Fermi level (see also figure: 3a-c). In the empty
(full) orbital regime (region 3) the conductance shows the expected acti-
vated behaviour as a function of temperature. In the mixed valent regime
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Figure 2. (a) G(T,H = 0) versus Vg in the regime, T ≤ Γ, of strong quantum fluctua-
tions, for U/Γ = 4.712. The symbols are the T = 0 limit, Eq. (4). Temperatures decrease
from bottom to top and correspond to TN = 0.64ΓΛ
−N , N = 0, 1, 2, . . . ,Λ = 1.5. The
dashed curve has T = 1.2TK , where TK ≈ 0.05Γ, is the HWHM of the T = 0 Kondo
resonance at mid-valley gate voltage. The regions marked 1, 2 and 3 and separated by
vertical dashed lines correspond to the Kondo (εd ∼< −0.5Γ, i.e. nd ≈ 1), mixed valent
(|εd| ∼< 0.5Γ, i.e. nd ≈ 0.5, or by particle-hole symmetry, |εd + U | ∼< 0.5Γ, i.e. nd ≈ 1.5),
and empty (full) orbital regimes (εd ∼> 0.5Γ, i.e. nd ≈ 0, or, by particle-hole symmetry,
εd+U ∼< −0.5Γ, i.e. nd ≈ 2). (b) The universal conductance curve G(T )/G(0) for a quan-
tum dot in the Kondo regime at mid-valley, Vg/U = 0.5, (circles) [9, 10]. The dashed line
is the fit formula G(T )/G(0) = (T ′2K /(T
2+T ′2K ))
s with s = 0.22 and T ′K = TK/
√
21/s − 1
used in [1] to interpolate the NRG results up to 10TK (with TK as in figure: 2a).
(region 2), the behaviour of G versus T is approximately that corresponding
to tunneling through a resonant level close to the Fermi level. The most
dramatic behaviour is in the Kondo regime (region 1), where one sees an
anomalous enhancement of the conductance with decreasing temperature.
The conductance continues to increase and eventually reaches the unitarity
limit of 2e2/h (see below) at mid-valley (Vg/U = 0.5 or nd = 1). This
remarkable enhancement of the conductance results from the formation,
with decreasing temperature, of the many-body Kondo resonance at the
Fermi level of the leads. The three types of behaviour have been observed in
experiments on quantum dots carried out at T ∼< Γ [1, 5, 21]. The unitarity
limit of the conductance, 2e2/h, has also recently been observed [5]. The
T → 0 conductance curve depends only on nd via the Friedel sum rule
[7, 8, 22]
G(T = 0,H = 0) =
2e2
h
sin2(πnd/2), (4)
and is shown in figure: 2a (circles), with nd deduced from the spectral
densities as a check on the calculations.
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65. Scaling of the linear conductance at H = 0
In the Kondo regime, G(T )/G(0), is a universal function of T/TK starting
from low temperatures and extending up to some high temperature which
depends on other details such as the precise value of Γ and εd. The latter
energy scales cut off the universal behaviour of the conductance on the
high temperature side. The universal conductance curves for the Kondo
and Anderson models have been calculated for the experimentally inter-
esting temperature range 0 ≤ T ≤ 10TK via the NRG [9–11]. This is
shown for the Kondo model in figure: 2b together with an approximate
interpolating formula used in [1]. The scaling of G(T )/G(0) with T/TK
shown in figure: 2b persists in the Anderson model throughout the Kondo
regime (region 1) as long as T ≪ Γ. At higher temperatures and in the
other regimes, the conductance curves deviate from this universal shape
(see Sec. 6 below). The Kondo scaling of the conductance in figure: 2b
agrees well with measurements for both quantum dots in heterostructures
[1, 5] and and carbon nanotubes [21].
6. Comparison with experiment
For a comparison of theory with experiment in all regimes, the complete set
of conductance curves for the Anderson model is required. These are shown
in figure: 3a-c. G(T ) in the empty orbital and mixed valent regimes has been
calculated in [23] and used to compare with experimental data in [1]. Here
we make a parameter free comparison to similar data from Reference [5]
for all three regimes of interest. The results are shown in figure: 3d. In
making the comparisons, we estimated G(T = 0) from G(T = 30mK),
close to the lowest effective electron temperature T = 40mK [5], and used
it to determine nd from Eq:4 and hence the appropriate εd to use in the
NRG calculation for G(T ) at all T . The calculations also used the values
of Γ = 231.4µeV and U ≈ 0.5meV from the experiments. It is remarkable
that this zero parameter comparison yields the agreement seen. The Kondo
scale automatically comes out correctly as seen for the Vg = −414mV
comparison, and the agreement with the theoretical conductance curve
is very good up to 700mK. The conductance curve used here includes
the non-universal corrections discussed above and therefore differs slightly
from that used in [5] (notably a slope change at 500mK due to corrections
from charge fluctuations). The general trends of the experimental data in
going to the mixed valent (Vg = −420mV, Vg = −422mV) and empty
orbital cases (Vg = −424mV, Vg = −426mV) are well reproduced by the
calculations. In particular the expected finite T peak in G(T ) [23] develops
and becomes increasingly more pronounced on entering the empty orbital
7regime. As described earlier, transport in this regime is likely to involve
additional neighbouring levels and a larger conductance at higher temper-
atures, as observed in the experiments. In this light, the main discrepancy
remaining between theory and experiment appears to be the dip in G(T )
at 200-300mK in the measurements. No signature of this is present in our
model calculations. This could be due to interference effects associated with
more than one level. It would therefore be interesting to investigate this
possibility further.
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Figure 3. (a-c) G(T ) for gate voltages Vg = −εd/e in, (a), the Kondo (K) regime, (b),
the mixed valent (MV) regime (εd = −0.5Γ, ..,+0.5Γ), and, (c), the empty orbital (EO)
regime (εd = +Γ, ..,+2.0Γ), and parameters as in figure: 2a. (d) Comparison of theoretical
(lines) to experimental (symbols) conductance curves, G(T ), for the quantum dot in [5]
with U = 0.5meV, Γ = 0.231meV and 13mK ≤ T ≤ 900mK. The values used for εd in the
calculations were εd = −0.85Γ (Vg = −414mV, K), εd = −0.25Γ (Vg = −420mV, MV),
εd = +0.375Γ (Vg = −422mV, MV), εd = +1.00Γ (Vg = −424mV, EO), εd = +1.50Γ
(Vg = −426mV, EO). We find a linear dependence Vg/e = −αεd for Vg ≤ −420mV,
which is a consistency check for determining εd from G(T → 0) using Eq. 4.
7. Effect of a magnetic field
A magnetic field suppresses the Kondo effect on a scale of TK [13] and
consequently it is expected to have a drastic effect on the conductance of
a quantum dot [10, 11]. Indeed, figure: 4a shows that a field of H = TK
suffices to reduce the T = 0 conductance at mid-valley to nearly half its
value at H = 0 (cf. figure: 2a). This can be understood from the splitting
of the Kondo resonance in a magnetic field and its strong reduction at the
Fermi level (see figure: 1b and [10]). The suppression of the conductance is
large in the whole Kondo regime (region 1) as long as T ∼< TK . At higher
temperatures and in the other regimes, the effect of a field on the total
conductance is less pronounced. However, in these regimes too, there can
be a large effect in the spin-resolved conductances (see below).
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Figure 4. (a) T and Vg dependence of G(T,H) for H = TK and for temperatures
and parameters as in figure:2a. (b) T and Vg dependence of the spin-resolved conduc-
tance G↑(T,H) for H = 5TK and for temperatures and parameters as in figure:2a. The
dot-dashed curve is for the down spin conductance, G↓(T,H), at the lowest temperature.
The effects of a magnetic field become even more apparent in spin-
resolved quantities such as G↑ in figure: 4b (by particle-hole symmetry G↓
is the mirror reflection of G↑ about Vg/U = 0.5). As in G, a magnetic field
has a large effect on the spin-resolved conductance in the Kondo regime. In
addition, there is quite a dramatic spin-filtering effect in the mixed valent
regime, with |G↑(0,H)−G↓(0,H)| being largest in this regime. In contrast,
both up and down spin conductances are approximately equally suppressed
in the other regimes. A quantum dot in a field is seen to act as a spin-filter
as discussed in [24] for dots very weakly coupled to leads (Gσ ≪ e
2/h).
The field dependence of the conductance of quantum dots defined in car-
bon nanotubes has been studied [21] and a preliminary comparison between
our results and the experimental G(B,T ∼< TK) shows good agreement [25].
8. Conclusions
We considered electronic transport through a strongly interacting quantum
dot in zero and finite magnetic fields and in the low temperature regime
T ∼< Γ where quantum fluctuations strongly modify the transport for an
odd number of electrons on the dot.
The NRG conductance curves, G(T, Vg), were used to make a param-
eter free comparison with experimental results of Reference [5] and we
found good agreement. Discrepancies in the empty orbital regime where
attributed to the neglect, within our model, of neighbouring levels
The results for the magnetoconductance in the Kondo regime exhibited
the strong suppression of the Kondo effect by a magnetic field. A large
spin-filtering effect was found in the mixed valent regime.
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9The field of non-equilibrium transport through quantum dots remains
largely unexplored. Perturbative methods valid in the limit of large trans-
port voltage, and magnetic field, V,H ≫ TK , are being developed [26], but
non-perturbative techniques, such as extensions of NRG, will be required
to address strong coupling.
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